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EXISTENCE OF POSITIVE SOLUTIONS FOR A THREE-POINT 
INTEGRAL BOUNDARY VALUE PROBLEM 

FAOUZI HADDOUCHI, SLIMANE BENAICHA 
Abstract. In this paper, by using the Krasnosel'skii's fixed-point theorem, we 



O , 1 study the existence of at least one or two positive solutions to the three-point 

^^ ' integral boundary value problem 

^ ! u"{t) + a{t)f{u{t)) =0, < t < T, 

(_^ . rri 

PsJ . m(0) = I3u{ri), u{T) = a I u{s)ds, 

Jo 

. where 0<ri<T,0<a<^,0<B< ^7'""'' „^ are given constants. 

u 

-^ , 1. Introduction 

eg _ 

We are interested in the existence of positive solutions of the foUowing three- 
point integral boundary value problem (BVP): 

">: u"it)+a{t)f{u{t))=0,te{0,T), (1.1) 

^. u{0)=l3u{r]), u{T)^a u{s)ds, (1.2) 

^ : 

in . where 0<7/<randO<a<p:,0</3< ^^^^2^+27' and 

^: (Bl) /gC([0,oo),[0,oo)); 

O ■ (B2) a e C([0, T], [0, cx))) and there exists to e [rj, T] such that a(io) > 0. 

Set 

/o == hm , /oo = hm . (1.3) 

«-i.0+ M n-i-oo u 

- 1 — I 

K^ ' The study of the existence of solutions of multi-point boundary value problems 

^ . for linear second-order ordinary differential equations was initiated by IFin and 

Moiseev [6l[7]. Since then, by applying the Leray-Schauder continuation theorem, 
nonlinear alternative of Leray-Schauder, or coincidence degree theory, many authors 
studied more general nonlinear multi-point BVPs, for example, [U [51 [31 UJ [TUl [TI] 
[m [13 1 and references therein. 

Tariboon and Sitthiwirattham 1 141 proved the existence of at least one positive 
solution on the condition that / is either superlinear or sublinear for the following 
BVP 

u"{t)+a{t)f{u{t))^0, ie(0,l), (1.4) 

w(0) = 0, u(l) = a / u{s)ds, (1.5) 
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where 0<77<landO<a<;^, /£ C([0, oo), [0, oo)), a e C([0, 1], [0, oo)) and 
there exists to £ [77, 1] such that a(io) > 0. Very recently, Haddouchi and Benaicha 
[5], investigated the following three-point BVP 

u"{t) + a{t)f{u{t))^o, te(o,r), (1.6) 

m(0) = I3u{r/), u{T) =a u{s)ds, (1.7) 

■/o 

where < 77 < T and < a < ^, < /3 < JIs^%t , f e C([0, 00), [0, 00)), 

a e C([0,T], [0,cxd)) and there exists to G [ri,T] such that a(to) > 0, and improved 

the results in [l4] . 

In |5], the authors used the Krasnoselskii's theorem to prove the following result: 

Theorem 1.1 (See 0). Assume (Bl) and (B2) hold, and < a < ^-, < P < 

S^riSr- If either 

(Dl) /o = and /oo — 00 (f is superlinear) , or 

(D2) /o = 00 and /oo — (f is sublinear) 
then problem (jl.6p . (|1.7p /las ai Zeast 072e positive solution. 

Liu [9J used the fixed-point index theorem to prove the existence of at least one 
or two positive solutions to the three-point boundary value problem BVP 

u"{t) + a{t)f{u{t))^0, ie(0,l), (1.8) 

u(0) = 0, u(l) = /3u(r;), (1.9) 

where < 77 < 1 and < (3 <j. 

Motivated by the results of [9l [5] the aim of this paper is to establish some 
simple criterions for the existence of positive solutions of the BVP (|l.l|) . (jl.2p . under 
fo — foo — 00 or fo ~ foe — 0. We also obtain some existence results for positive 
solutions of the BVP ([TI]) , dO]) under /o, /oo ^ {0, 00}. 

The key tool in our approach is the following Krasnosel'skii's fixed point theorem 
in a cone [8]. 

Theorem 1.2 ([8 ). Let E be a Banach space, and let K d E be a cone. As.sume 
ill, ^2 are open bounded subsets of E with G fli, Cli C ^2, and let 

A: Kn{Ti2\ni) — > K 

be a completely continuous operator such that either 
(i) \\Au\\<\\u\\, uGKndni, and\\Au\\>\\u\\, ue Kndn2; or 
(ii) \\Au\\>\\u\\, ueK ndrii, and\\Au\\<\\u\\, ueKndfl2 
hold. Then A has a fixed point in K Cl (5^2\ ^i)- 

2. Preliminaries 

To prove the main existence results we will employ several straightforward lem- 
mas. 

Lemma 2.1 (See [5]). Let P ^ -^;^^-^^- Then for y e C([0,T],R), the problem 

u"{t)+y{t) = 0, te{0,T), (2.1) 

rn 
m(0) = (3u{ri), u{T) = a / u{s)ds (2.2) 



POSITIVE SOLUTIONS 



has a unique solution 

nit) - mr- av')~ 2^(1 -arj)t H 



a/377 - a{f3 - l)t 



V 



iv - s) yis)ds 



{ari^ - 2T) - I3{2t] - a-q^ - 2T) Jo 

Lemma 2.2 (See ID). LetQ<a<^, o<p<-JTz^^, IfyeC{[0,T],[0,^)), 
then the unique solution u of (|2.ip - p.2p satisfies u{t) > for t G [0,r]. 

Remark 2.3. In view of Lemma 2.3 ofl5[, if a > ^, ^ >0 andy e C([0,r], [0, cx))), 



then (|2.ip - (|2.2p /las no positive solution. Hence, in this paper, we assume that 
ar,^ <2T and < /3 < .^/J-^^I^^t • 

Lemma 2.4 (See [5]). LetO<a<^, 0<P< JLT^t - Vv e C{[0,T],[0,^)), 
then the unique solution u of l!(l.\\ - \2.2\ satisfies 



min 7/(t)>7|lw||, ||u||= max |u(i)|, (2.3) 

te[77,T] te[o,T] 



where 

^ a{P + 1)77^ q(/3 + l)77(r - 7? ) 

T' 2T ' 2T-a(/3 + l)7/ 



7:=mm<i-, — ,^^ IT^^TTF ^ ^ (0' 1) ■ (2.4) 



In the rest of this article, we assume that 0<a<|5, 0</3< ^ \_-^\2T - ^^^ 
E = C([0,T],R), and only the sup norm is used. It is easy to see that the BVP 
(jl.ip . (|1.2p has a solution u — u{t) if and only if u is a fixed point of operator A^ 
where A is defined by 



aPr] — a{/3 — l)t 



V 



- / {t~s)a{s)f{u{s))ds. 



(2.5) 



^0 

Denote 

K=\ueE:u>0, min u(t) > 7||m|| I , (2.6) 

where 7 is defined in (|2.4p . It is obvious that iiT is a cone in E. Moreover, by 
Lemma [2.21 and Lemma [2.41 AK C K. It is also easy to check that A : K —^ K is 
completely continuous. 

In what follows, for the sake of convenience, set 

{2T ~ aif) - /3(a??^ - 2r; + 2T) 

[2(/3 + 1) + T-^l3r^{ar] + 2) + a^T] J^ T{T - s)a{s)ds ' 
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. {2T-aTf)-l3{aTf -2ri + 2T) 

A2 — J, . 

27*7 X, {T - s)a{s)ds 

3. The existence results of the BVP (|l.ip . (ll.2p for the case: 

/o = /oo = 00 OR /o = /oo = 

Now we establish conditions for the existence of positive solutions for the BVP 
(in]),(ir2l) under fo = f^ = cx) or fo = U = 0. 

Theorem 3.1. Assume that the following assumptions are satisfied. 

(HI) /o = /oo = 'X. 

(H2) There exist constants pi > and Mi G (0, Ai] such that f{u) < Mipi, for 
u e [0, pi] . 

Then, the problem (jl.ip - p.2p has at least two positive solutions ui and U2 such that 

0< ||mi|| < pi< \\u2\\. 

Proof. Since, /o = cxd, then for any Mi, G [A2,oo), there exists pi, G (0, pi) such 
that f{u) > Mi,u, < u < Pi,. 

Set flp^ ^ {u E E : \\u\\ < Pi,}. By (|2.5p and in view of the proof of Theorem 3.1 
in [5] , for any u £ K D dftp^ , we obtain 

^"('^^ - (2T - a,^) - Zv^ - 2, + 2T) Jj^ ' ^)-i^)f(-(^))ds 

""^ ^"(772 - 277s + s^)a{s)f{u{s))ds 



(2T - ar]"^) - P{arf -2r] + 2T) J^ 
2T - ari^ r^ 



(2T -arf)- I3{arf - 2r; + 2r) Jq 

i-T 



(rj- s)a{s)f{u{s))ds 



2\^whz2 ^I^^^;^ / {T-s)a{s)!{u{s))ds 



{2T - ar;2) - /3{ar]'^ - 2r; + 2r) 7^ 

2{T-rj) /•" 



(2T - a772) _ ^(-0,^2 _ 2ry + 2r) Jg 



sa{s)f{u{s))ds 



+ -, ;tt -, ?; r / s(ri — s)a(s) f(u(s))ds 

(2T - a772) - /3(a7/2 -2ij + 2T)Jo ^ ' ^ V ;m V ^^ 

^ (2T-a,2)-/3(l,2-2, + 2r)i, (^ " ^)«(^)/K-))^- 

- '*^''* i2T-a,^)-Pia,^-2rj + 2T) l (^ " ^)«(^)^^ 

= P^Af^A^i 

> P* = ll"ll- 

Thus 

||Au|| > ||u||, for ueii'n9fJp^. (3.1) 

Now, since /oo = 00, then for any M* € [A2, 00), there exists p* > pi such that 
f{u) > M*u, for u>7p*. 
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Set Qp* = {u & E : \\u\\ < p*}. Then, for any u & K Ci dilp* , we have 

2V f 

(2T -a7]^)- Piari^ ~ 2r] + 2T) J,^ 



Mv) > .^rr. _2^ «^L2 o^ , o^^ / {T ~ s)a{s)f{u{s))ds 



> p* = \M- 

Which imphes 

||Am|| > ||u||, ioTueKndnp*. (3.2) 

Finally, set fip, = {u e S : ||u|| < pi}. From (H2), ([23]) and the proof of Theo- 
rem 3.1 in [5], for any u G K r\ dQp-^ , we have 

^"(') ^ {2T - ar,^) /3(ary^ -2^ + 2T) J, ^^ " ^H^).f(M.^))ds 

+ i2T^a^^)~t{av'-2,, + 2T)l iv - ■s)Ms)f{u{s))ds 
'- {2T-ar,^'%l^-2, + 2T) l (^ - s)ais) finis)) ds 
^ i2T^a,^)-Piarf-2, + 2T) i (^ - s)ais)f{uis))ds 

"^^ ^ TiT ~ s)ais)f{u{s))ds 



(2T - ar]^) - P{arf - 2ri + 2T) 
2{(3 + l)+T-^Pr]{a'n + 2)+a(3T ''^ 



TiT - s)ais)fiuis))ds 



^ ^^iPi .o^ ^^2A flr^,^2 o„ , o^^ / T{T~s)ais)ds 



i2T-ari^)~ Piar]^ ~2ri + 2T) J„ 

2{f3 + 1) + T-'^(3r]{ar] + 2) + af3T '^ 
(2T - ar?2) _ ^(^,^2 _ 27? + 2T) ^ 

= piAfiAj^i <pi = ||u||. 

Which yields 

||Aii|| < ||m||, ioTueKndnp,. (3.3) 

Hence, since p* < pi < p* and from p.ip . p.2p . p.3p . it follows from Theorem 
11.21 that A has a fixed point ui in i^ fl (fi^j V^^p* ) and a fixed point w.2 in if n 
iTip*\flpJ. Both are positive solutions of the BVP (|LT|) . ([L2)) and < ||ui|| < pi < 
||u2||. The proof is therefore complete. D 

Theorem 3.2. Assume that the following assumptions are satisfied. 

(H3) /o = /oo = 0. 

(H4) There exist constants p2 > and M2 G [A2, 00) such that /(w) > M2P2, for 

u e [7P2,P2] • 
Then, the problem (jl.ip - (|1.2p has at least two positive solutions ui and U2 such that 

0< ||wi|| <P2 < ||U2||- 
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Proof. Firstly, since /o = 0, for any e £ (0, Ai], there exists p* G {0,P2) such 
that f{u) < eu, for u G (0,/9*]. Let fip^ — {u e E : \\u\\ < p*}, then, for any 



u £ K n dflp^ , we obtain 



"^"(*) ^ {2T-arf)^f3iar,^^2^ + 2T) J, TiT - s)ais) finis)) ds 



2ifi + 1) + T-^lSrjiaT] + 2) + g^r '"^ 
(2T - a?72) - Piar]^ - 2r] + 2T) Jq 
= p*eAj;^ <p* = Ijull, 



^i^p -r _l; -r j_ ^//^u,/ -r ^; -r upj. / 



which imphes 

||Am|| < ||u||, ioTueKndrip^. (3.4) 

Secondly, in view of foo — 0, for any ei G (0, Ai], there exists po > P2 such that 

/(m) < eiu, for M G [pq,oo) . (3-5) 

We consider two cases: 

Case (i). Suppose that f{u) is unbounded. Then from / G C([0, oo), [0, oo)), we 
know that there is p* > po such that 

fiu)<f{pn, for7.G[0,p1. (3.6) 

Since p* > po, then from (J33]), p.6p . one has 

fiu)<fip*)<eip\ foruG[0,p*]. (3.7) 

For u £ K and ||m|| = p*, from p.7p . we obtain 

M^) < ^(^ + '^ + r'^.^^T ^ '^ ^ "^"^ r ^(^ - s)ais)fiuis))ds 
^' - (2T-a772)-/3(a?72_2?7 + 2T) io ^ V iJV V yy 



^^^ 2(/3 + 1) + T-^Pr^ia-q + 2) + g/JT 

(2T - ayyS) - /?(a7;2 - 2r] + 2T) Jq 



^ P ^1 /o^ ^^2^_ fl/^^2 o„ , o^^ / n7^-s)a(s)ds 



Case (ii). Suppose that /(w) is bounded, say f{u) < L for all u G [0, oo). Taking 
p* > max < J-, po>. For u £ K with ||?i|| = p*, we have 

^"(') - (2r-a^2)-/?(a,2-2, + 2T) X ^(^-^)°(^)/(-(«))^^ 



2(;9 + 1) + r-i/3?7(m/ + 2) + a^T -"^ 
i2T-ar]^)-/3iaT]^ -2r, + 2T) Jq 



< L ,,^ .^2^_^^..^2 .-. , .^^ / TiT~s)a{s)ds 



^ . 2(/3 + l)+T-i/3r/(a7? + 2)+a/3r [^ 

^ P'^ (2r-.,2)-/?(a,2-2, + 2T) X ^^^~'^<'^''' 

= p*6iAr^<p* = hii. 

Hence, in either case, we always may set 51p* = {m G -E : ||w|| < p*} such that 

||Am|| < Hull, for M G A' n 9f7p* . (3.8) 
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Finally, set ^.p^ ~ {u £ E : \\u\\ < ^2}- By (H4), for any u & K Ci dQp^, we can get 
- {2T-a,^)-Zv'-2v + 2T) l (T - s)a{s)Nhp,ds 

. 2r?M27 /^.^ ^ . ^ , 

= P2M2A2"1 
> P2 = ||u||, 

which implies 

||Am|| > ||m||, foruei\:narjp,. (3.9) 



Hence, since Pi, < p2 < p* and from p.4p . p.Sp and p.9p . it follows from 
Theorem II .21 that A has a fixed point ui m K r\ {Vtp^\Vlp^) and a fixed point U2 in 
iiT n {yip<.\Q,p.^). Both are positive solutions of the BVP pTTjl . pr^ and < ||ui|| < 
P2 < II 1*2 II- The proof is therefore complete. D 



4. The existence results of the BVP (|l.ll) . (|1.2p for the case: 

/o,/oo ^{0,oo} 

In this section, we discuss the existence for the positive solution of the BVP 
(in|),(ir2]) assuming /o, /oo ^ {0, oo}. 

Now, we shall state and prove the following main result. 

Theorem 4.1. Suppose (H2) and (H4) hold and that pi ^ P2- Then, the BVP 
(ll.ip . (|1.2p has at least one positive solution u satisfying pi < \\u\\ < p2 or p2 < 
\\u\\ <pi. 

Proof. Without loss of generality, we may assume that pi < p2- 

Let fipj = {li e _E : ||u|| < pi\. By (H2), for any u e KC]d^p^, we obtain 

A (A <r 2(/3 + 1) + r'i/37?(a7? + 2) + a/3r [^ ^ ( ^f( ( ^w 

^"^') ^ (2r-a^^)-/3(a,^^2, + 2T) h ^(^ " ^)«(^)/(-(«))^^ 



2(/3 + 1) + T-^Pr]{ari + 2) + a^T '^ 
(2T - ar,^) - ^{ar]^ - 2r] + 2T) ^ 
PiAfiA^i < Pi = ||u|| 



- ^^if^i^To^T^ — r^\ a/„„2 o„ I orr\ I T[T - s)a[sjds 



which yields 

||Aw||<||m||, uei^n^rip,. (4.1) 



F. HADDOUCHI, S. BENAICHA 



Now, set fip2 = {u & E : \\u\\ < p2}. By (H4), for any u & K Ci dO-p^, we can get 



> 77— 2T --/—^ -— / (T - s)a{s)M2P2ds 



(2T- 


- ary^) - 


- ;3(a7y2 - 
277 


- 277 + 2T) 




(2T- 


- ary^) - 


- /3(a772 - 


- 2?7 + 2T) 


P^ttt; 




2t]M2J 







- ^^(2T-a77^)-/?(a77^-277 + 2T)X ^^ " ^^'^^^^^^ 

= p2M2tq^ 

> P2^\\ul 

which implies 

\\Au\\>\\u\\, ioTueKndnp^. (4.2) 

Hence, since pi < p2 and from (|4.1I) and (|4.2p . it foUows from Theorem 11.21 that 
A has a fixed point u in A' n (17p2\r2p^). Moreover, it is a positive solution of the 
BVP ([ni),([r21) and 

Pi < 11^*11 <P2- 

The proof is therefore complete. D 

Corollary 4.2. Assume that the following assumptions hold. 

(H5) /o - ai e [0,6liAi), where 9i G (0, 1]. 

(H6) /oo = /3i e (f A2, w) , »/iere ^2 > 1. 
Then, the BVP (|l.ip . (|1.2p /las ai /east OTie positive solution. 

Proof. In view of /o = ai G [O,0iAi), for e = ^lAi — ai > 0, there exists a 
sufficiently large pi > such that 

f{u) < (ai + e)u = 9iAiu < Oihipi, for u £ (0, pi] . 

Since 61 G (0, 1], then ^lAi G (0, Ai]. By the inequality above, (H2) is satisfied. 
Since /oo = /3i G ( — A2, 00 J , for e = /3i — — A2 > 0, there exists a sufficiently large 
P2(> Pi) such that 

> /3i - e = — A2, for u G [7P2, 00) , 

u 7 

thus, when u G [7P2, P2], one has 

6*2 
/(w) > — A2U > 6I2A2P2- 

7 

Since 62 > 1, 02A2 G [A2,oo), then from the above inequality, condition (H4) is 
satisfied. Hence, from Theorem 14. II . the desired result holds. D 

Corollary 4.3. Assume that the following assumptions hold. 

(H7) /o = a2 G (^A2,oo), where 02 > 1. 
(H8) /oo = /32 e [O,0iAi), where 9^ G (0, 1]. 
Then, the BVP (|l.l[) . (|1.2p has at least one positive solution. 
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Proof. Since fo — 012 & { — A2, 00 j , for e = a2 ~ — A2 > 0, there exists a sufficiently 
small P2 > such that 

ZM > «2 - e = ^A2, for u e (0,p2] ■ 

u 7 

Thus, when m G [7P21 P2]i one has 

f{u) > —A2U > 92^292- 

7 



which yields the condition (H4) of Theorem [ 

In view of /oo = /32 G [0, ^lAi), for e = diKi — /32 > 0, there exists a sufficiently 
large po(> P2) such that 

^</32+e = 0iAi, forwe [po,oo). (4.3) 

u 

We consider the following two cases: 

Case (i). Suppose that f[u) is unbounded. Then from / G C([0, 00), [0, 00)), we 

know that there is pi > po such that 

/(w)</(pi), for7.G[0,pi]. (4.4) 

Since pi > poj then from (j4.3|) . (|4.4p . one has 

/(") < /(pi) < ^lAipi, foruG[0,pi]. 

Since ^i G (0, 1], then 6'iAi G (0, Ai]. By the inequality above, (H2) is satisfied. 
Case (ii). Suppose that f{u) is bounded, say 

,f{u) < L, for all u G [0, 00) (4.5) 

In this case, taking sufficiently large pi > 5-^, then from (|4.5p . we know 

f{u) < L < 6I1A1P1, for u G [0, pi] . 

Since 61 G (0,1], then f?iAi G (0,Ai]. By the inequality above, (112) is satisfied. 
Hence, from Theorem 14. 11 we get the conclusion of Corollarv 14.31 D 

Corollary 4.4. Assume that the previous hypotheses (H2), (116) and (H7) hold. 
Then, the BVP (|l.ip . (|1.2p has at least two positive solutions ui and U2 such that 

0< ||mi|| <pi < ||u2||- 

Proof. From (116) and the proof of Corollary 14.21 we know that there exists a 
sufficiently large p2 > pi, such that 

f{u) > 92A-2P2 = M2P2, for u G [7/O2, P2] , 

where M2 = 92A.2 & [A2, 00). 

In view of (H7) and the proof of Corollary 14.31 we see that there exists a suffi- 
ciently small P2 G (0,pi) such that 

f{u) > 92^29^ = M2P^, for u G [ip\, p\] , 

where M2 = 02A2 G [A2, 00). 

Using this and (H2), we know by Theorem liH that the BVP ([TTT|) .(|L^ has two 
positive solutions ui and M2 such that 

P2 < \\M <Pl < \\U2\\ <P2. 

Thus, the proof is complete. D 
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Corollary 4.5. Assume that the previous hypotheses (H4), (H5) and (H8) hold. 
Then, the BVP ()l.ip . (|1.2|) has at least two positive solutions ui and U2 such that 

0< ||wi|| < P2< \\U2\\. 

Proof. By (H5) and the proof of Corollary 14.21 we obtain that there exists suffi- 
ciently small pi G (0, P2) such that 

J{u) <eiKipi= Mipi, for w G (0,/9i] , 

where Mi = Oiki e (0, Ai]. 

In view of (H8) and the proof of Corollary 14. 3[ there exists a sufficiently large 
Pi > P2 such that 

f{u) < 9iAip*i = Mipl for u e [0, p*i] , 

where A/i = 6*1 Ai G (0, Ai]. 

Using this and (H4), we see by Theorem glT] that the BVP pTT|) . ([L^ has two 
positive solutions ui and U2 such that 

Pl < \\ui\\ < P2< \\U2\\ < p*i. 

This completes the proof. D 
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